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ABSTRACT. In this paper we study the existence of global compact attractors for nonlin-
ear parabolic equations of reaction-diffusion type. The studied equations are generated
by a difference of subdifferential maps and are not assumed to have a unique solution for
each initial state. Applications are given to inclusions modelling combustion in porous
media and processes of transmission of electrical impulses in nerve axons.

1. Introduction. The main purpose of this paper is to study the existence of a
compact global attractor for the next equation

n u p=2 u "
e e=1a%,-(5%‘} %)+f1(UJ—fz(u)ah, in Q x (0,00),
u |ag=0,
u |t=0= Ug,

where p > 2, h € L,(Q), f; : R = 2% § = 1,2, are maximal monotone maps and Q C R"
is a bounded open set with smooth boundary 9Q. The case f; (u) = wu, w > 0, is well
known. For such function the theory of maximal monotone operators provides a theorem
of existence and uniqueness of solutions. The existence of a global compact attractor
under some dissipative conditions is obtained then applying the theory of attractors for
semigroups. For other functions f, the uniqueness is not guarantied. So, the theory of
global attractors for semigroups of operators cannot be applied in this case. Therefore,
‘we apply the theory of global attractors for multivalued semiflows developed in [3]-[4] and
prove the existence of a global compact attractor under certain conditions.

We shall recall briefly the main definitions from the theory of multivalued dynamical
systems. Let X be a complete metric space with the metric denoted by p and 2% (P (X),
B(X)) be the set of all (nonempty, nonempty bounded) subsets of X. For z € X,
A,B C X we set d(z,B) = infyep {p(z,y)}, d(A, B) = sup,c4 {d(z, B)}. _

DEFINITION 1. The m-map G : Rt x X — P(X) is called a multivalued semiflow if -
‘the next conditions are satisfied:

1. G(0,-) = I is the identity map; _

2 G(t1 + tz, ZB) C G(tl,G(tg, :B)) 3 th, tz € R+, Vz € X,
where G (¢, B) = EBG(t,a:), B C X. '

DEFINITION 2. It is said that the set ® C X is a global attractor of the m-semiflow G
1. d(G(t,B),R) = 0 ast — +oco, VB € B(X);
2. G is negatively semi-invariant, i.e., 8 C G (¢,R), V¢t > 0.
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In applications it is desirable for the giobal atiractor to be compact and invariant (i.e.
R=G(t,R), vt 20).

This paper is organized as follows. In Section 2 we obtain some abstract results €on-
cerning the existence of a compact global attractor for differential inclusions generated by
a difference of subdifferential maps. In Section 3 we apply this abstzact result to parabolic
equations of reaction-diffusion fype.

2. Abstract setting. Let H be a real Hilbert space supplied with the norm |-| and
the scalar product {-,-). Consider the differential inclusion

dt ”?6@[’3'( u{t)) ~ R (‘u(t));}h, t>0 | (1)
[ (8) = Wy,
where b € H and 8¢*, i = 1,2, are the subdifferentials of the proper, convex, lower
semicontinuons functions ¥* " -~+} oo, +00]. :
DEFINITION 3. The function u (-} € C ([0.T], H) is called a strong solution of (1) if:
1 2 (0) = uy;
2. u(-) is absolutely continuous on (0,7);
3. There exist functions ¢* (¢}, ¢* (t) € 8¢ (u(t)), a.e. on (0,T), such that

é%gﬂ + g ()~ g* (8 =h, ae. t € (0,T). (2)

Let us consider the next conditions:
(A1) YL < 400 the leve] set

H, = {ueﬂzw‘(u)ﬂul <L}
is compact.

(A2) D (%) C D(8%%), 0 € D ("), and there exist C > 0,0 < k < 1,3 <9 <1, such
that Ya € D (4)

647 (w) ,u] < ko (w) + C (jul® +1), €
o8 " <M () 1+ W @PT), (4

where [09% (u),u] = sup (v,u) [6%* (u)]* = sup |v| and M is an increasing
vESY? (u eé@’(ﬂ)

function.

THEOREM 1. [5, Theorem 5.3] Let A1-A2 hold. Then for any wo € D(Y*) aad T > 0
there exists at least one strong solution u{-) of (1) satisfying fori =1,2,"

iGeLOTH, B )

¥ (@) € L (0,7), | e

9 (u(2) € L (0,T) o (7)

¥ (u(t)) are absolutely continuous on (0,T], - (®)

9'(9) € L (6.1 H),0* () € L (6T ) 0 Ly (0,75 ) ,v3_> 0. ©)

LEMMA 1. Under the conditions of Theorem 1, g (t) € L4 {0, T; H)
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Remark. In [5] it was assumed also that ¢ > 0. However, this condition is not
necessary, because without loss of generality we can assume that

min {9 (u) :u € H} = ¢ (2}) = 0.

We note that for each ug € D (4?) there exists a solution » (-}, but it can be non-unique.
Hence, it is not possible to define a semigroup of operators.

Let D (uo, T') be the set of all sirong solutions of (1) such that u( ) = uo and g (¢) €
Lo (0,T; H}. Denote

b (t&g) Lo UT){}D (‘u(}, T) .
Theorem 1 and Lemma 1 allow us to define a multivalued semifiow G : R* x D (¢?} —
P (i) (9! )) in the following way:

G (t,uo) = {u(t) :u{-) € Diuo)}, t > 0,u0 € D (7).

LeMMa 2. Let A1-A2 hold. Foranyt; > 0,1 = 1,2, G{ts + t1,u0) = G (2, G (£3,u0}) .
THEOREM 2. Let A1-A2 hold. Suppose that there exist § > 0, M > 0 such that
Vu € D(0%Y), fu] > M, Yy, € 8¢ (1) , Yy, € Y (u),
(yl — Yz ™ h'su) 2 4.

Then G has the global invariant compact attractor R. It is the minimal closed set attract-
ing all bounded sets and maximal among all bounded negatively semi-invariant subsets
of G,

3. Applications. Let § C R"™ be a bounded open set with smooth boundary G5},
Consider the next differential inclusion

. o2 _
%“E?xiéﬁf(% gf:-)-hf;(u)“fg(u)gh,inﬁx({},oo),
‘“ianm 01_ ' ' (18)
u|t-o= o,

where p > > 2 he Ly(Q) and f; : R — 28, { = 1,2, are maximal mouotone maps with

D(f)=R.
Let us define the operatcr A:D(A) — L, (),
8u [P~ Bu
"‘)““Zaz.(az. gz;:)’
with D (4) = {u € W5* (0): A(v) € L2 (2)} and the operators B; : D (B;) = Ly (sz),

£m1,2,
Bi(w)={y € L:(9): y(z) € A(u)+ fi (u(2)), ae. in O},

By(w) = {y € L2(2) : y(2) € fr(u()), ae. in Q).

The theory of subdifferential maps in Hilbert spaces (see [1]) provides the existence of
proper, convex, lower semicontinunous functions ¢* such that B; = 8¢*,4 = 1,2. Moreover,
D () = Ly (), i= 1,2. Therefore, Equation (10) is a particular case of (1).
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Let us consider the following conditions:

(F1) Let p > 2 and Ja > 0, K, K; > 0 such that _
| If2 ()7 < Ky + Ko s, (11)
where |f; () = sup |y and

yEfa(s)
p-2 .
< e i 1 <

2
p—2 np
———-. . I 3
a< 5 y2{1+ a) < m p,zfn>p

(F2) Let p = 2 and 3K;, Ky, M 2 0,¢ > 0, such that
|2 ()T < Ky + Kqlsl, (12)

(i —w)s 2 (M +e)s M,V € fi(s),i=1,2, {13)
where ), is the first eigenvalue of —A in H} (Q).

THEOREM 3. Let either F1 or F2 be satisfied. Then G has the global invariant attractor

R, which is compact in Ly (Q) and bounded in W,* (Q). It is the minimal closed set
attmci.‘mg all bounded sets. It is maximal among all bounded negatively semi-invariant
sets.

Inclusion (1} contains as particular cases boundary problems of physxcal interest. Let
us consider some of them.

EX.AMP_LE 1 ;
p~2 «
...*E;..;mj(a,,‘ 3%) |u]* « = A, in O x (0, 00},
# lag=0,
& hz{}m g,

“where p > 2 and « is taken from F1. In this case f = 0, fo (s) = |s|®s.
EXAMPLE 2

% {0) = u(x) =0,
% it“—:ﬁm Ug,

where f: R — R is continvous and non-decreasing, A > 0 and

0, ifz<0,
H(z)={ [0,1],ifz=0,

{ & .2y fu)eAH(u—-1), in (e 1) x (0,00),

. 1, fz>0
Suppose also that there exist K; > 0,0 < K, < 1 such that |
IF ()| S Ky + K],

In this case fy = 0, f (s) f{s)+ AH (s —1). Thm inclusion is used for modelhng
pz'ocesses of combustion in porous media (see {2}).
EXAMPLE 3
%";“5;5'+ﬂeg(u a}, in (0 ) x(O ),
u{0) =u(n)=
: u lw*“ g,
.where. a € (0, 1. In this case f; (8) = 4, fa(s) = H(a - a).
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EXAMPLE 4
% 832 ftufu—1){u—a)€ H(u—a) in (0, ﬂ') x-(0, 0},
v(0)=u(n}= :
% [=¢= g,

where again ¢ € (0,3). Let f(s) = s(s~1)(s— a) In this case f(s) = f(s) +
3@ ~a+1)s, fo(s)=3(@®~a+1)s+ H(s~a)

Inclusions (3)-{4} are used as models of conduction of electrical zmpuises in nerve axons
(see [6]-{7]). - .
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